GROTHENDIECK RINGS OF LAURENT SERIES FIELDS 



RAF CLUCKERS* 



Abstract. We study Grothendieck rings (in the sense of logic) of fields. We 
prove the triviality of the Grothendieck rings of certain fields by constructing 
definable bijections which imply the triviality. More precisely, we consider 
valued fields, for example, fields of Laurent series over the real numbers, over 
p-adic numbers and over finite fields, and construct definable bijections from 
the line to the line minus one point. 



1. INTRODUCTION 

Recently, the Grothendieck ring of a structure, in the sense of logic, has been 
introduced in |jj and independently in Q. The Grothendieck ring of a model- 
theoretical structure is built up as a quotient of the definable sets by definable 
bijections (see below), and thus, depends both on the model and the language. For 
(M, C) a structure with the signature of a language C we write K (M,£) for the 
Grothendieck ring of (M,C). In and Q, the following explicit calculations of 
Grothendieck rings of fields are made: 
K n (R, £ r ing) is isomorphic to Z, 
K {Qp,£nn S ) is trivial, 
K (¥ p ((t)),Crin g ) is trivial. 
Here, £ r in g is the language (+,—,-,0,1). In || and |I] it is shown that the 
Grothendieck ring Kq(C, £ r i ng ) is extremely big and complicated; Kq(C, £ r ing), 
and many other Grothendieck rings, are not explicitly known. 

Any Euler characteristic (in the sense of or Q), defined on the definable 
sets, factors through the natural projection of definable sets into the Grothendieck 
ring, and, in this sense, to know a Grothendieck ring is to know a universal Euler 
characterictic. Nevertheless, it happens that a Grothendieck ring is trivial. 

The triviality of a Grothendieck ring can be proven by constructing a definable 
bijection from X to X \ {a}, where X is a definable set and {a} a point on X. We 
develop general techniques to obtain defina ble bijections K — > K x , where K is a 



valued field and K x = K \ {0}. In section L2 we explain iterated Laurent series 
fields. In the present paper we prove: 

Theorem 1. Let L be either Q p or a finite field extension of Q p , and let K be 
one of the fields L, L((ti)), L((ti))((t2)), L((ti))((t2))((*3))> and so on. Then 
Kq(K, £ r i n g) = and there exists a £ r i ng - definable bijection K — > -ftT x -U 
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Theorem 2. Let L be ¥ q where ¥ q is the finite field with q = p elements, p a prime, 
and let K be one of the fields L((t±)), L((ti))((t2)), L((ti))((t2))((ta)), and so on. 
Then Kq(K, C [mg ) — and there exists a C rmg - definable bijection K — > J^ x |] 

Central in the proofs of this paper is a subgroup H(K, C) of Z, associated to 
a field K and a language C, which is sensitive to some elementary arithmetical 
properties of the indices of n-th powers in K x and of the number of n-th roots in 
K x (see section ||). Using the definition, it follows immediately that, for example, 

H{R,C ling ) is Z, 

H(Q p , £rj ng ) is Z, and 

H(C,C ring ) is {0}. 

We give two criteria for valued fields, for which the value group has a well-determined 
minimal strictely positive element, to have a trivial Grothendieck ring (proposition 
land |). 

We also consider Laurent series fields over R and over fields of characteristic 
p > 0, using the language of Denef - Pas. The language of Denef - Pas [|| was 
introduced to study uniform p-adic integrals for all primes p, and is now still used 
in, for example, the theory of motivic integration (see |3| and Q). 

For any Z-valued field K with angular component map ac, the Grothendieck 
ring Kq(K, £p as ) is trivial, and there exists a £p as -definable bijection from K 2 
onto K 2 \ {(0, 0)}, see [0 , Thm. 1 and proposition || below. (Proposition || is more 
general than H], Thm. 1.) The following theorems give stronger results for iterated 
Laurent series fields. 

Theorem 3. Let K be one of the fields R((ti)) , R((ti))((t 2 )), lR((ti))((t 2 ))((t 3 )), 
and so on. We have 

H{K, £ ring ) = Z. 

Endow K with a valuation onto a group of the form Z fc with lexicographical order, 
k > 0, and with the natural angular component map (as in section Then 

^ O (^,£pas) = {0}, 

and there exist a bijection K — > K x , definable in the language £p as of Denef - Pas. 

Theorem 4. Let L be an arbitrary field of characteristic p > 0. Let K be one 
of the fields L((ti)), L(fti))((t2)), L{{ti)){{t2)){{ty,)) and so on. Endow K with a 
valuation onto a group of the form Ti k with lexicographical order, k > 0, and with 
the natural angular component map (as in section^). Then Kq(K, £p as ) = {0} and 
there exists a bijection K — > K x definable in the language of Denef - Pas. 

1.1. Valued fields. Fix a field K. We call K a valued field if there is an ordered 
group (G, +, <) and a valuation map v : K ^ G U {oo} such that 

(i) v(x) = oo if and only if x = 0; 

(ii) v(xy) = v(x) + v{y) for all x, y G K; 

(iii) v(x + y) > min{ti(a;), v(y)} for all x,y € K. 

We write R for the valuation ring {x S K \ v(x) > 0} of K, M for its unique 
maximal ideal and we write k for the residue field R/M and p : R — > k for the 
natural projection. If G = Z we call K a Z-valued field. Whenever K is a Z-valued 



3 For K = ¥ q ((t)) this was proven in 111 



GROTHENDIECK RINGS OF LAURENT SERIES FIELDS 



3 



field, the valuation ring R is a discrete valuation ring, and a generator tt of the 
maximal ideal of R is called a uniformizer. 

A valued field often carries an angular component map modulo M, or angular 
component map for short; it is a group homomorphism ac : K x — > k x , extended 
by putting ac(0) = 0, and satisfying ac(x) = p(x) for all x with v(x) = (see ||). 

1.2. Iterated Laurent series fields. We define iterated Laurent series fields by 
induction. Let L((t\)) be the field of (formal) Laurent series in the variable t\ over L 
and let L((ti)) . . . ((t n _i))((t„)) be the field of (formal) Laurent series in the variable 
t n over L((ti)) . . . ((t n -%)). On a field L((ti)) . . . ((£„)) we can put many valuations, 
for example the valuation v n taking values in the lexicographically ordered n-fold 
product of Z, defined as follows. If n = 1, then we put v±(x) = s G Z whenever 
x = J2i> s a st\i w ith a s 7^ and a, G L. For general n, and x = J2i> s a s^m where 
a s 7^ and dj € L((ti)) . . . ((i n _i)), we put v n (x) — (s, i>„_i(a s )) G Z™. Remark 
that the valuation ring with respect to the valuation v n is Henselian. 

1.3. Grothendieck rings. Let £ be a language and let M be a model for C. For 
£-definable sets X C M m , Y C Af n , m, n > 0, a /^-definable bijection X — > Y" is 
called an ^-isomorphism and we write X ==c Y, or X = Y if the context is clear, if 
X and Y are ^-isomorphic. (Definable always means definable with parameters.) 
For definable X and Y, we can choose disjoint definable sets X', Y' C K m for some 
m! > 0, such that X = X' and Y = Y', and then we define the disjoint union XU Y 
of X and Y up to isomorphism as X' U Y'. By the Grothendieck group Ko(M,£) 
of the structure (M, £) we mean the group generated by symbols [A] , for A a £- 
definable set, with the relations [A] = [A'} if A = £ A' and [A] = [B] + [C] if A is the 
disjoint union of B and C. The group Kq(M, C) carries a multiplicative structure 
induced by [A x B] — [A] [B] , where A x B is the Cartesian product of definable 
sets. The so-obtained ring is called the Grothendieck ring and for a /^-definable set 
X we write [X] for the image of X in Ko(M,£). 

Let T be a theory in some language C. A formula with free variables x\, . . . x n 
determines a set in M n for any model M of T. On these sets we can define a disjoint 
union operation and Cartesian products in the natural way. The Grothendieck 
group Kq (T, L) is the group generated by symbols [(p\ , for ip a £- formula, with the 
relations [ip] — [tp 1 ] if the theory T implies that there is some ^-definable bijection 
between the sets defined by (p and <p' , and the relation [ip] = [ip] + [if/] if ip is the 
disjoint union of ip and ip 1 . This group carries a multiplicative structure induced 
by the Cartesian product of definable sets and the so obtained ring is called the 
Grothendieck ring of (T, C). 

2. Languages of Denef - Pas 

Let K be a valued field, with a valuation map v : K — > GU{oo} for some ordered 
group G, and an angular component map ac : K — * fc, where is the residue field. 
Let Ck be an arbitrary expansion of £ r i ng and let Cq be an arbitrary expansion of 
the language of ordered groups with infinity, namely (+, — , 0, oo, <). A language 
of Denef - Pas can in fact be either language in a wide variety of languages; it is 
always a three-sorted language of the form (Ck, £rmg, ac), with as sorts: 

(i) a fc-sort for the residue field-sort, 

(ii) a if -sort for the valued field-sort, and 

(iii) a G-sort for the value group-sort. 
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The language £ r in g is used for the if-sort, Lk for the fc-sort and Lg for the G-sort. 
The function symbol v stands for the valuation map K — > G U {00} and ac stands 
for an angular component map K — > k (in fact, this is an angular component map 
modulo the maximal ideal M). A structure for a language of Denef - Pas is denoted 
(k, K,GU {00}), where k, K and G are as above. 

Remark that if G = Z, namely if if is a Z-valued field, there exists a natural 
angular component map ac : K — > k sending x 7^ to t~ v ^x mod M, where t is a 
uniformizcr of the valuation ring. More generally, if the value group of K is Z™, and 
ti, . . . ,i„ are field elements such that v(t\) = (1, 0, . . . , 0), . . . , v(t n ) = (0, . . . , 0, 1) 
forms a set of generators of Z™, there is a natural angular component map ac : 
K — > fc given by ac(a;) = xY\ i t^ Ti mod M, where w(a;) = (n,...,r„). These 
angular component maps are canonical up to the choice of t and £j. Languages of 
Denef - Pas are denoted £p as - 

3. Calculations of Grothendieck rings 

Let if be a field and £ an expansion of £ r i ng . We write P n (K) or P n for the 
n-th powers in K x . For n > 1 we put 

r n (K) = ${xeK\ x n = 1} 

and 

s n (K) = [K* :P n (K)] 
which is cither a nonnegativc integer or 00. 

Definition 1. Let K be a field and let the numbers s n {K) and r n {K), n > 1 be as 
above. For n > 1 we put 



if the following conditions are satisfied 



.s 



n(K) 



r n {K) 



s n (K) < 00 and ^4jS e Z ; 



• </iere exists a C-definable n-th root function. This means that there exists 
a definable set \/P^ and a definable bijection ^ : P n (K) — > v/^i swc/i i/iai 
( ^/a 7 )™ = a; for each x e P n (K). 

If one of the above conditions is not satisfied, we put X n (K, C) = 1 . We define 

H(K,C) as the subgroup of % generated by the numbers 

for all n > 1 . 

Remark that if £ is an expansion of £, then there is a group inclusion H(K, C) — > 
H(K, £'). Let C v = (£ r in g , R) be the language of rings with an extra 1-ary relation 
symbol R which corresponds to a valuation ring inside the model. If the model is 
a valued field, we take the natural interpretations. 

Lemma 1. Let K be a field and C an expansion of C rlng . For each positive number 
m G H(K,£), there exists a C-definable bijection 

m+l 
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and thus, in Kq(K,£), 

m[K x ] = 0. 

Moreover, if K is a valued field and L is an expansion of C v , there exists a C- 
definable bijection 

rn+1 

\J(R\{0})^R\{0}, 

z=l 

and thus, in Kq(K,C), 

m[R\ {0}] = 0. 

Proof. We first prove that K x S U^i K x for all A„ = X n (K,£), n > 1. If A„ = 1 
there is nothing to prove, so let A„ > 1. Remark that for each x G K x and each 
definable set A C K there is a definable bijection xA = A. With the notation 
of definition [l], the sets x\[P^ form a partition of K x when x runs over the n-th 
roots of unity. This gives |_l!=i tfPn — K x . Since K x is the disjoint union of all 
cosets of P n inside K x , we find |J|2j -P?i = K x . Combining with the isomorphism 
Pn — VP~n we calculate: 

i—1 i—1 i—1 i—1 i—1 

where s n — s n (K) and r n — r n (K). Now let to > be in H(K, C) and let n > 1, 
s > be integers. By what we just have shown, we can add A rl — 1 disjoint 

copies of K x to Ul=i K X > in the sense that Ul=i KX - U^i A " _1 ^ X - Similarly, 
if s > A n — 1, we can subtract A n — 1 disjoint copies of K x from |J^ =1 K x , to be 

precise, 

UUi KX - Ul=i n+1 RX - The lemma follows since the numbers X n — 1 
generate H(K, C). 

If C is an expansion of C v , we have the same isomorphisms and the same argu- 
ments for R \ {0} instead of K x , working with Rf] P n and R n \/P^ instead of P n 
and \fP^. □ 

Definition 2. Let R be a valuation ring such that the value group has a minimal 
strictly positive element. Let ir S R have minimal strictly positive valuation. Write 
M for the maximal ideal of R. Let ac be an angular component map K — -> k, where 
k is the residue field. We define the set R^- 1 ' as 

={xeR \ ac(x) = 1}. 

The set R^ is not necessarily definable in the language £ r ing- 

If i?W is definable 

in some language C we have the following criterion. Remark also that a minimal 
strictly positive element in the value group necessarily is unique. 

Proposition 1. Let K be a valued field. Suppose that the value group has a minimal 
strictly positive element and let ir S R have this minimal strictly positive valuation. 
Let C be an expansion of C v and let ac be an angular component map K — > k, with 
k the residue field. If R^ is C-definable and H(K,C) = Z, then 

K o (K,£) = 0, K^ C K X , andR= c R\{0}- 
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Proof. We first prove that Kq(K,£) = 0. We may suppose that ac(7r) = 1, other- 
wise we could replace tt by ir/a where a is an arbitrary element with v(a) = and 
ac(a) = ac(7r). The following is a /^-isomorphism 



X G R I— > 1 + 7TX, 

x G R^> i— > 7ra. 



This implies, in Kq(K,£), that [i?] + [i?^] = [R^ 1 -*], and thus after cancellation, 
[R] = 0. By lemma g and because H{K,£) = Z, also [i? \ {0}] = 0. The following 
calculation implies Ko(K,£) — 0: 

0=[i?] = [i?\{0}] + [{0}] = [{0}] = l. 

We have [{0}] = 1 because [{0}] is the multiplicative unit in K {K,£). 

Next we prove R = R\ {0}, by taking translates and applying homotheties to 
the occurring sets. We make all occurring disjoint unions explicit. Write fx for the 
isomorphism 

fx : 1 + tt 2 (R \ {0}) -> 7T 2 (i? \ {0}) U 1 + tt 2 (R \ {0}), 

given by lemma g, it is an isomorphism from one copy of R\ {0} onto two disjoint 
copies of R \ {0}. Define the function fi on ir 2 R U tt + tt 2 RW by 

i 2r>,, ! n m 2r>(T> f 71-2 ^ ^ 7T + 7T 2 (1 + 7TX), 

^2 • TT R U TT -\- TT R ► TT -\- TT R '. s 2 2 / \ 

J I TT + TT Z X I— > 7T -|- 7T (7TXJ , 

then /2 is an isomorphism from the disjoint union of i? and fjW to a copy of 
Finally, we find /^-isomorphisms: 

fx{x) if xG 1 + tt 2 (R\{0}), 
f : R^ R\{0} :x^ { f 2 {x) if x G 7r 2 i? U vr + vr 2 ^ 1 ), 

x else 



and 

K -> if' 



/(x) if x G -R, 
x else. 



□ 



Proposition immediately yields the triviality of the Grothendieck rings of Q p 
and of ¥ q ((t)) with characteristic different from 2, which was originally proven in jjf. 
Theorems g and ||| of the present paper are generalizations. In case that H(K, £) 
is different from Z, we formulate the following criterion. (The argument of this 
criterion is similar to the proof of jjj, Thm. 1.) 

Proposition 2. Let K be a valued field. Suppose that the value group has a unique 
minimal, strictly positive element and let tt G R have this minimal strictly positive 
valuation. Let £ be an expansion of £ v and let ac be an angular component map 
K — ► k. If W- 1 ' is £-definable, then 

K {K,£) = 0, K 2 = £ A 2 \{(0,0)}, and R 2 = £ R 2 \ {(0, 0)}. 

Proof. We first prove that Kq(K, £) — 0. As above we may suppose that ac(7r) = 1. 
The following is a /^-isomorphism 

9l :RURM^RM:l:t* " 1 + 



x G R^"' - TT.r 
As above, this implies that [R] = in Kq(K,£) 
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We argument that the disjoint union of two copies of (R \ {0}) 2 is /^-isomorphic 
to (R \ {0}) 2 itself. Define the sets 

X 1 = {(x,y)e(R\{0}) 2 \v(x)<v(y)}, 

X 2 = {(x,y) e (R\{0}) 2 \v(x) > v(y)}, 

then Xi,X2 form a partition of (R\ {0}) 2 . The isomorphisms 

(i?\{0}) 2 ^X 1 : (x,y)^(x,xy), 

(R\{0}) 2 - X 2 : (x,y) ~ (nxy,y), 

imply that (i?\{0}) 2 U(i?\{0}) 2 is isomorphic to X X \JX 2 which is exactly (i?\{0}) 2 . 
After cancellation, it follows that [(R \ {0}) 2 ] = 0. 

Since = [R] = [R\{0}\ + [{0}] = [R\{0}\ + 1 we have [R\ {0}] = -1. Together 
with = [{R\ {0}) 2 ] = [R\ {0}] 2 this yields 1 = 0, so K (K, C) is trivial. Write g 2 
for the isomorphism 

ff2 :(i?\{0}) 2 ^(i?\{0}) 2 U(i?\{0}) 2 

Now take the disjoint union of R^ x (R\ {0}), Rx (R\ {0}) and (R \ {0}) 2 
inside R in some way, meaning that we take disjoint isomorphic copies inside R 2 
of the mentioned sets. Using the above isomorphisms g\ and 172 in a clever way on 
these disjoint copies, it is clear that we can remove one copy of R x (R \ {0}) from 
R 2 and put one copy of (R\ {0}) 2 back instead, hence we find an isomorphism from 
R 2 to itself minus a point. For details of this construction, we refer to the proof of 
(lj, theorem 1. □ 

4. The proofs of theorems 1,2, and 3 

Proof of theorem |J. Fix a field K as in the statement. Using Hensel's lemma, it is 
elementary to calculate for each n the numbers r n (K) and s n (K), and to find that, 
for n a prime number, s n (K)/r n (K) is a power of n. Further, it is not difficult 
to check that taking n-th roots is definable. Therefore, the generator A2 — 1 of 
H(K, £ r ing) is uneven and A3 — 1 is even. This implies that H(K, £ r ing) = Z. 

We calculate explicitly for K = Q p ((£)), for the other fields of the statement, the 
arguments are completely similar, although, notation can get more complicated. 

Let v be the valuation on K into Z x Z U {00} with lexicographical order, de- 
termined by: v(x) — (s, r) for x — J2i> s w hh dj € Q p and a s ^ 0, the p-adic 
valuation of a s being r. The valuation ring R is definable and can be described by 

R = {xe K I l + tx 2 e P 2 (K) & l + px 2 e P 2 (K)} 

if p 2 and by 

R = {xeK \ l+tx 3 eP 3 (K) & l+px 3 e P 3 (K)} 

if p = 2. Write M for the maximal ideal of R. Let ac : K — > F p be the angular 
component ac(x) = p _r r s a; mod M for nonzero x with v(x) = (s,r). The set 
Ri 1 ) — { x G R I ac(x) = 1} is definable since it is the union of the sets 

p¥P p ^(K), 

for i,j = 0,...,p—2. 

Now we can use proposition |[ to find a £ r i ng -definable bijection K —> K x and 
to find that K (K,£ ling ) is trivial. This proves the proposition for fields of the 
form Q p ((t)). When L is a finite field extension of Q p and K an iterated Laurent 
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series field over L, there are £ r m g -formula's playing the role of ip in the obvious way 
and the reader can make the adaptations. □ 

Proof of Theorem^ Suppose for simplicity that K is the field (F p ((ii)))((i 2 )), 
where p is a prime. The other cases are completely similar. Let v 2 be the valuation 
on K into Z x Z as in section |L~2| ; this is a valuation determined by: v(x) — (s,r) 
for a Laurent series J2i> s with at S F g ((ii)) and a s ^ and a s — J2i> r ^i 
with b r and hi € ¥ q . Write M for the maximal ideal with respect ~to v 2 - 
The valuation ring R = {x \ V2(x) > 0} is £ r i ng -dcfinablc because of the following 
observation: 

R = {x e K 1 1 + t 2 x 2 e P 2 (K) & l + hx 2 e P 2 {K)}, 

if char(if) ^ 2 and 

R = {xeK\l + t 2 x 3 e P 3 & l + <ix 3 e P 3 }, 

if char(if) = 2. 

Let ac : K — > F p be the angular component map cc i— > t^t^ x mod M for 
nonzero a; with ^(x) = (s, r). The set R^ = {x £ R \ &c(x) — 1} is definable since 
it is the union of the sets 

t{t 2 P p ^{K) 

for i, j — 0, . . . , p — 2. Now use proposition || to find that Kq(K, £ r ing) is trivial and 
to find a £ r in g -definable bijection 

53 :R 2 ^R 2 \ {(0,0)}. 

The following is a definable injection: 

g A :R 2 ^R:{x,y)^x p + t iy p , 

and thereby, we can define the £ r i ng -isomorphism 

.95 : R - i? \ {0} : x - | V)) jf* € . 94 (i? 2 ) 

This finishes the proof. □ 

Proof of theorem |. Let K be the field R((t 1 ))...({t n -i)){{t n )). Taking n-th roots 
is clearly £ r ; ng -definable, and, using the notation of definition [j] we have that 
X 2 (K, £ r in g ) is a power of two and Xs(K, C Tmg ) is a power of three. Therefore, 
H(M.((t)),L T - ms ) = Z. The existence of a £p as -definable bijection K — > if x and 
the triviality of Kq(K, £p as ) are formal consequences of proposition |l|, because 
H(K, £ r in g ) = Z, the value group clearly has a unique minimal strictly positive 
element and R^> is £p as -definable. □ 

Proof of theorem [|. Let K be L((tx)) ■ ■ ■ ((t n )) where L is a field of characteristic 
p > 0. The statement follows immediately from proposition ^ using the definable 
injection 

R 2 ^R: (x,y) ^ x p + t lV p 
as in the proof of theorem 0. □ 
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